
6.431: Probabilistic Systems Analysis

Jonathan Birge
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2 Probability Law

2.1 Axioms

P(A) ≥ 0, ∀A ∈ Ω

P(A ∪B) = P(A) + P(B)← A ∩B = ∅

P(Ω) = 1

2.2 Properties

P(A ∪B) = P(A) + P(B)−P(A ∩B)

P(A ∪B ∪ C) = P(A) + P(Ac ∩B) + P(Ac ∩Bc ∩ C)

P(A ∪B ∪ C) = P(A) + P(B) + P(C)
−P(A ∩B)−P(A ∩ C)−P(B ∩ C) + P(A ∩B ∩ C)

P (A1 ∪A2 ∪ · · · ∪An) =(∑
i

P(Ai)

)
−

 ∑
1≤i<j≤n

P(Ai ∩Aj)

+

 ∑
1≤i<j<k≤n

P(Ai ∩Aj ∩Ak)


− · · ·+

(
(−1)n−1P(A1 ∩A2 ∩ · · · ∩An)

)

3 Conditional Probability

3.1 Definition

P(A|B) =
P(A ∩B)

P(B)

3.2 Total Probability

Ai ∩Ak = ∅, i 6= k →

P(B) =
∑

i

P(Ai ∩B) =
∑

i

P(B|Ai)P(Ai)

3.3 Bayes’ Rule

P(Ai|B) =
P(B|Ai)P(Ai)

P(B)
=

P(B|Ai)P(Ai)∑
i P(B|Ai)P(Ai)

4 Independence

P

(⋂
i∈S

Ai

)
=
∏
i∈S

P(Ai), ∀S ⊆ {1, 2, . . . , n}

P(A ∩B) = P(A)P(B)→

P(A|B) = P(A), P(B) > 0

5 Combinatorics

5.1 k-permutations

The number of ways you can ordern things, takenk at a time:

n!
(n− k)!

5.2 Partitions/Combinations

The number of unique ways to partition a set ofn things into sub-
sets of sizen1, n2, . . . , nm:(

n

n1, n2, . . . , nm

)
=

n!
n1!n2! · · ·nm!

,
∑

i

ni = n

6 Discrete Random Variables

6.1 Common Distributions
Name X pX(k) E[X] var[X]

Bernoulli 1/0

(
p k = 1

1− p k = 0
p p(1− p)

Binomial hits inn
`

n
k

´
pk(1− p)n−k np np(1− p)

Poisson λ ∼ np λk

k!
e−λ λ λ

Geometric trials to hit (1− p)k−1p 1
p

1−p
p2

Uniform {a, . . . , b} a+b
2

(b−a)(b−a+2)
12

6.2 Properties

E[g(X, Y )] =
∑

x

∑
y

g(x, y)pX,Y (x, y)

X = min(X1, . . . , Xn)→ pX(k) = P(Xi > k−1)−P(Xi > k)



6.3 Conditioning

pX|Y (x|y) =
pX,Y (x, y)

pY (y)
=

pX,Y (x, y)∑
x pX,Y (x, y)

Law of Total Expectation:

E[X] =
∑

y

pY (y)E[X|Y = y]

6.4 Independence

pX,Y (x, y) = pX(x)pY (y)

pX+Y (w) =
∑

x

pX(x)pY (w − x)

7 General Random Variables

7.1 Properties

P(a ≤ X ≤ b) =
∫ b

a

fX(x)dx

FX(x) = P(X ≤ x)

FX(x) =
∫ x

−∞
fX(x′)dx′

fX(x) =
dFX(x)

dx

E[aX + b] = aE[X] + b

var[aX + b] = a2var[X]

E[aX + bY + c] = aE[X] + bE[Y ] + c

var[X] = E[X2]− (E[X])2

7.2 Independence

fX,Y (x, y) = fX(x)fY (y)→

fX|Y (x|y) = fX(x), ∀(x, y) ∈ {fY (y) > 0},

E[g(X)h(Y )] = E[g(X)]E[h(Y )],

var[X + Y ] = var[X] + var[Y ].

fX+Y (w) =
∫ ∞

−∞
dx fX(x)fY (w − x)

7.3 Derived Distributions

7.3.1 General

fY =aX+b(y) =
1
|a|

fX

(
y − b

a

)
Y = g(X)→ FY (y) =

∫
x|g(x)≤y

dx fX(x),

fY (y) =
dFY (y)

dy
.

7.3.2 Monotonic functionY = h−1(X), X = h(Y )

fY (y) = fX

(
h(y)

) ∣∣∣∣ d

dy
h(y)

∣∣∣∣

7.4 Bayes’ Rule

fX|Y (x|y) =
fY |X(y|x)fX(x)∫∞

−∞ dx′fY |X(y|x′)fX(x′)

P(N = n|Y = y) =
fY |N (y|n)pN (n)∑

i pN (i)fY |N (y|i)

7.5 Common Distributions
Name fX(x) E[X] var[X]

Uniform [a, b] 1
b−a

, a ≥ x ≥ b 1
2
a + b 1

12
(b− a)2

Exponential(λ) λe−λx, x ≥ 0 1
λ

1
λ2

Normal(µ, σ2) 1

σ
√

2π
e−(x−µ)2/2σ2

µ σ2

8 Random Variable Theorems

Law of Iterated Expectations:

E
[
E[X|Y ]

]
= E[X]

Law of Total Variance:

var[X] = E
[
var[X|Y ]

]
+ var

[
E[X|Y ]

]
Random sum of IID RVs:

Y = X1 + · · ·+ XN →

E[Y ] = E[X]E[N ],

var[Y ] = E[N ]var[X] + (E[X])2var[N ].

9 Stochastic Processes

9.1 Bernoulli Process

Yk = G1(p) + G2(p) + · · ·+ Gk(p) (Time ofkth arrival)

E[Yk] =
k

p

var[Yk] =
k(1− p)

p2

pYk
(t) =

(
t− 1
k − 1

)
pk(1− p)t−k

Merging independent processes with parametersp andq gives new
process with parameterp + q − pq.

9.2 Poisson Process

Continuous version of Bernoulli process. Time between events de-
termined by exponential distribution. Number of events in given
time durationτ described by Poisson distribution with parameter
λτ ≈ npτ .



10 Markov Chains

10.1 Definitions

pij = P(Xn+1 = j|Xn = i)

rij = P(Xn = j|X0 = i)

Recurrent state accessible from all states accessible
to it

Transient not recurrent
Recurrent Class set of all states accessible from a given

recurrent state
Periodic Class recurrent class which can be broken into

sets such that all transitions lead from
one set to another

10.2 Chapman-Kolmogorov Equation

rij(n) =
∑

k

pkj rik(n− 1)

10.3 Steady-State

If chain has single aperiodic recurrent class, then states will as-
symptotically approach probability distributionπj :

lim
n→∞

rij(n) = πj , ∀i

πj =
∑

k

πkpkj ,
∑

k

πk = 1

10.4 Birth-Death Process

10.4.1 General

πibi = πi+1di+1

πi = π0
b0b1 · · · bi−1

d1d2 · · · di

10.4.2 Queueing Theory

ρ ≡ b

d

πi =

{
(1−ρ)ρi

1−ρm+1 ρ 6= 1
1

m+1 ρ = 1


