6.431: Probabilistic Systems Analysis

Jonathan Birge

1 Set Theory
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2 Probability Law

2.1 Axioms
P(A)>0, YAeQ
P(AUB)=P(A)+P(B)— ANB=g
P(Q) =1
2.2 Properties
P(AUB)=P(A)+P(B) -P(ANB)
P(AUBUC)=P(A)+P(A°NB)+P(A°NB°NC)
P(AUBUC)=P(A)+P(B)+P(C)
—P(ANB)—-PANC)—-P(BNC)+P(ANBNQC)
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3 Conditional Probability

3.1 Definition
P(ANB)

P(AIB) = —5 5

3.2 Total Probability
A;NAL, =2,

B) = ZP(Ai N B)

= P(B|4;)P(4

3.3 Bayes’' Rule

P(B|A)P(A) _  P(B|A)P(A))

P(AilB) = =5 5 ~ S, P(B|A)P(A)

4 Independence

P (ﬂ A) =[] P40,
€S €S

P(ANB)

VS C{1,2,...,n}

= P(A)P(B) —

P(A|B) = P(4), P(B)>0

5 Combinatorics
5.1 k-permutations
The number of ways you can ordetthings, takerk at a time:

n!

(n—k)!

5.2 Partitions/Combinations

The number of unique ways to partition a setathings into sub-
sets of sizev, no, ..., N

n
Tl an_n
Ny, N2, ... ;M nilna! - Ny,

6 Discrete Random Variables

6.1 Common Distributions

Name X px (k) E[X] var[X]
. p k=1
Bernoulli 1/0 1—
1- p ko P p(1-p)
Binomial  hitsinn  (P)p*(1—p)"*  mp np(1 — p)
Poisson A ~mnp %e 2 A A
Geometric  trialsto hit (1 —p)*'p L 1-p
Uniform  {a,...,b} ath (b—a)q%ﬂ)
6.2 Properties
=> > gl ypx.y(z,y)
z Yy
X =min(Xy,..., X,) = px(k) = P(X; > k—1)—P(X; > k)



6.3 Conditioning

pX,Y(ﬂU»y) _ px,Y(l",y)
py (v) > rxy(z,y)

PX\Y(CU|y) =

Law of Total Expectation

ELX] = 3 py (WEX]Y =]

6.4 Independence
px,v(z,y) = px(z)py (y)

pxy(w) =Y px(z)py (w - x)

7 General Random Variables

7.1 Properties

b
Pla< X <)) :/ fx(z)dzx

Fx(z) =P(X <x)
Fx()= [ petatyia’

fx(x) = d%ﬁ

E[aX + b =aE[X]+b
varjaX + b = a*varX]
E[aX 4+ b0Y 4 ¢] = aE[X] + bE[Y] + ¢
varlX] = E[X?] - (E[X])*

7.2 Independence
fxy(zy) = fx(@)fv(y) —

fxiy (zly) = fx (), Y(z,y) € {fr(y) >0},

E[g(X)h(Y)] = E[g(X)|E[n(Y)],
vafX + Y] = varX] + varY].

fov(w) = [ " (@) fy (w — )

7.3 Derived Distributions
7.3.1 General

fy=ax1b(y) = ﬁfx (y—b)

a

V=g =R = [ defaia)
fr(y) = dF;;y)~

7.3.2  Monotonic functionY = h=1(X), X = h(Y)

d

Fr () = Fx (b)) dyh(y>|

7.4 Bayes' Rule

e (aly) = o TIX WX (@)
XY f_oooo dx/fY|X(y‘xl)fX($/)

Y ) = fy v (y[n)pn ()
P(N=nlY =y) = >, on (0) fy i (uli)

7.5 Common Distributions

Name fx(z) E[X] var X]
Uniform [a, b] —,a>x>b ta+b 5(b—a)’
Exponential)) Xe ™ x>0 : 3=

2 1 —(z—p)? /202 2
Normal u, o*) /=€ U o

8 Random Variable Theorems
Law of Iterated Expectations
E[E[X|Y]] = E[X]
Law of Total Variance
variX] = E|varfX|Y]] + var[E[X|Y]]
Random sum of [ID RVs

Y=X;+ 4+ Xy —

varlY] = E[N)variX] + (E[X])?var[N].

9 Stochastic Processes

9.1 Bernoulli Process

Y = G1(p) + Ga(p) + - -- + Gi(p) (Time of kth arrival)

E[Y;] = g
varlY;] = k(lp; P)

v (t) = <,i B 11>p’“(1 -p)"

Merging independent processes with parameiensdq gives new
process with parameter+ g — pq.

9.2 Poisson Process

Continuous version of Bernoulli process. Time between events de-
termined by exponential distribution. Number of events in given
time durationr described by Poisson distribution with parameter
AT = npT.



10 Markov Chains

10.1 Definitions
Dij = P(Xn+1 = .7|X = Z)
Tij = P(Xn =j|XO = Z)

Recurrent state accessible from all states accessible
toit
Transient not recurrent
Recurrent Class  set of all states accessible from a given
recurrent state
Periodic Class recurrent class which can be broken into
sets such that all transitions lead from
one set to another

10.2 Chapman-Kolmogorov Equation
rij(n) =Y prjrie(n — 1)
k

10.3 Steady-State

If chain has single aperiodic recurrent class, then states will as-
symptotically approach probability distributio:

lim rij(n) = Ty, Vi

n—oo

T = Zﬂ:pk]‘, Zﬂk =1
k k

10.4 Birth-Death Process
10.4.1 General

mib; = 7Ti+1di+1

o boby-cibig
Ty
10.4.2 Queueing Theory
= é
=14
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