
6.641: Nonlinear Optics Formulæ

1 Physical Constants

c = 2.9979× 108 m/s

ε0 = 8.8542× 10−12 F/m

µ0 = 1.2566× 10−6 H/m

η0 = 376.73 Ω

q = 1.6022× 10−19 C

2 Vector Calculus
∫

V

∇ ·A dv =
∮

S

A · da

∫

S

∇×A · da =
∮

C

A · d`

∇× (∇×A) = ∇(∇ ·A)−∇2A

∇ · (E×H) = H · (∇×E)−E · (∇×H)

∇ · (∇×A) = 0, ∇× (∇Φ) = 0

3 Maxwell’s Equations

∇×E = −∂B
∂t

∇×H =
∂D
∂t

+ J

∇ ·D = ρ

∇ ·B = 0

−∇·(E×H) =
∂

∂t

(
1
2
ε0E2 +

1
2
µ0H2

)
+E·∂P

∂t
+H·∂µ0M

∂t
+E·J

I =
1
2
<[E×H∗]

I =
n

2η0
|E|2

4 Nonlinear Dielectrics

4.1 Nonlinear Succeptibility

P ≡ ε0χ
(1)E + PNL

Pi(ωn +ωm) =
∑

jk

∑

(nm)

χ
(2)
ijk(ωn +ωm : ωn, ωm)Ej(ωn)Ek(ωm)

4.2 Tensor Transformation

χ′αβγ = TαiχijkT−1
jβ T−1

kγ

T(θ, φ) =




cos φ − cos θ sin φ sin θ sin φ
sin φ cos θ cosφ − sin θ cos φ

0 sin θ cos θ




T−1(θ, φ) =




cos φ sin φ 0
− cos θ sin φ cos θ cos φ sin θ
sin θ sin φ − sin θ cos φ cos θ




4.3 Anisotropic Materials

tan ρ =

(
n2

o

n2
e
− 1

)
tan θ

1 + n2
o

n2
e

tan2 θ

ne(θ) =
[
cos2 θ

n2
o

+
sin2 θ

n2
e

]−1/2

4.4 kDB Formalism

νκD = v2
pD

4.5 Contracted Notation

dijk ≡ 1
2
χ

(2)
ijk

dil ≡



d111 d122 d133 d123 d131 d112

d211 d222 d233 d223 d231 d212

d311 d322 d333 d323 d331 d312







Px(2ω)
Py(2ω)
Pz(2ω)


 = 2d




E2
x(ω)

E2
y(ω)

E2
z (ω)

2E2
y(ω)E2

z (ω)
2E2

x(ω)E2
z (ω)

2E2
x(ω)E2

y(ω)







Px(ω3)
Py(ω3)
Pz(ω3)


 = 4d




Ex(ω1)Ex(ω2)
Ey(ω1)Ey(ω2)
Ez(ω1)Ez(ω2)

Ey(ω1)Ez(ω2) + Ez(ω1)Ey(ω2)
Ex(ω1)Ez(ω2) + Ez(ω1)Ex(ω2)
Ex(ω1)Ey(ω2) + Ex(ω1)Ey(ω2)




P (2ω) = 2deffE2(ω), P (ω3) = 4deffE(ω1)E(ω2)



4.6 Common Processes

P (2)(2ω1) = χ(2)E2
1 (SHG)

P (2)(ω1 + ω2) = 2χ(2)E1E2 (SFG)

P (2)(0) = 2χ(2)(E1E
∗
1 + E2E

∗
2 ) (OR)

P (3)(ω1) = χ(3)(3E1E
∗
1 + 6E2E

∗
2 + 6E3E

∗
3 )E1

P (3)(3ω1) = χ(3)E3
1

P (3)(ω1 + ω2 + ω3) = 6χ(3)E1E2E3

P (3)(2ω1 + ω2) = 3χ(3)E2
1E2

4.7 Electrooptic Effect

κ′ij = κij +
1
ε0

rijkEc
k

Sij =




1
n2

o
+ r13Ez r63Ez r53Ez

r63Ez
1

n2
o

+ r23Ez r43Ez

r53Ez r43Ez
1

n2
e

+ r33Ez




∆n ≈ n3
or63Ez

4.7.1 Example

1
n′2o

=
1
n2

o

+ r13Ez

d1/n2

dn
= − 2

n3

n′o ≈ no − n3
o

2
r13Ez

4.8 Kerr Nonlinearity

D(ω) = ε0

[
1 + χ(1)(ω) + χ(3)(ω : ω,−ω, ω)I(ω)

]
E(ω)

n =
√

n2
0 + χ(3)I ≈ n0 + n2I

n2 ≡ χ(3)

2n0

5 Nonlinear Propagation

5.1 Forced Wave Equation

∇2E− µ0ε0
∂2E
∂t2

= µ0
∂2PNL

∂t2

5.2 Slow Envelope

∂E(z, t)
∂z

+
n

c

∂E(z, t)
∂t

=
−jcµ0ω

2n
PNL(z, t)ej(k−kp)

∂E(z, t)
∂z

=
−jcµ0ω

2n
PNL(z, t)ej∆k

5.3 Manley-Rowe Relations

1
h̄ω1

dI(ω1)
dz

=
1

h̄ω2

dI(ω2)
dz

=
1

h̄ω3

dI(ω3)
dz

M1 =
I3

ω3
+

I2

ω2
, M2 =

I3

ω3
+

I1

ω1
, M3 =

I2

ω2
− I1

ω1

5.4 SHG (ω2 = 2ω1)

5.4.1 Non-depleted Solution

E(ω2, z = `) =
−jω2

n2c
deff`

[
sin∆k`/2

∆k`/2

]
ej∆k`/2

I(ω2, `) =
2

nω2cε0

(
ωdeff

nωc2

)2

`2I2(ω)
[
sin∆k`/2

∆k`/2

]2

∆k =
4π

λ1
[n(ω2)− n(ω1)]

5.4.2 Depleted Solution

I(ω2, z = `) = I(ω, 0) tanh2

[
E0ωdeff

nωc
`

]

I(ω, `) = I(ω, 0) sech2[Γ`]

5.4.3 Walk-off Angle ρ

tan ρ =
(nω

o )2

2

[
1

(n2ω
e )2

− 1
(n2ω

o )2

]
sin 2θp ≈ ∆n

n
sin 2θp

5.4.4 Angular Bandwidth

δθ ≈ λ1

2` sin 2θp∆n(2ω)

5.4.5 Wavelength Bandwidth

δλ =
λ

2`

[
1
2

dn

dλ

∣∣∣∣
2ω

− dn

dλ

∣∣∣∣
ω

]−1

vg =
c

n

[
1− λ

n

dn

dλ

]−1

5.5 SFG (ω3 = ω1 + ω2)

κi ≡ ωideff

nic

5.5.1 Non-depleted Solution

I(ω3, `) =
2κ2

3n3

n1n2cε0
`2I(ω1)I(ω2)

[
sin∆k`/2

∆k`/2

]2

5.5.2 Strong Pump at ω1

I(ω3) = (ω3/ω2)I0(ω2) sin2 γz

I(ω2) = I0(ω2) cos2 γz

γ ≡
√

2κ2κ3I(ω1)
n1cε0

5.6 DFG/OPA (ω1 = ω3 − ω2)

5.6.1 Non-depleted Solution

I(ω1, `) =
2κ2

1n1

n2n3cε0
`2I(ω3)I(ω2)

[
sin∆k`/2

∆k`/2

]2



5.6.2 Strong Pump at ω3

I(ω1) = (ω1/ω2)I0(ω2) sinh2 γz

I(ω2) = I0(ω2) cosh2 γz

5.7 FWM (ω4 = ω1 + ω2 + ω3)

5.7.1 Strong Pump at ω1, ω2

∂E4

∂z
= −jκ4E1E2E

∗
3 ,

∂E3

∂z
= −jκ3E1E2E

∗
4

E4 ≡ E4(z)e±γz, E3 ≡ E3(z)e±γz

γ2 = κ3κ4 |E1|2 |E2|2

E4(z) = A sinh γz, E3(z) = E3(0) cosh γz + B sinh γz

A =
E∗

3 (0)γ
jκ3E1E2

= −jE∗
3 (0)

√
ω4n3

ω3n4
, B = 0

5.8 FWM (ω4 + ω3 = ω1 + ω2)

5.8.1 Strong Pump at ω1, ω2

∂E4

∂z
= −jκ4E1E2E3,

∂E3

∂z
= −jκ3E1E2E4

E4 ≡ E4(z)e±jγz, E3 ≡ E3(z)e±jγz

γ2 = κ3κ4E
2
1E2

2

E4(z) = A sin γz, E3(z) = E3(0) cos γz + B sin γz

A =
−jκ4E1E2E3(0)

γ
= −jE3(0)

√
ω4n3

ω3n4
, B = 0

6 Ultrafast Optics

τout = τ

√
1 +

(τc

τ

)4

τc ≡
√

`
∂2β

∂ω2

∣∣∣∣∣
ω=ω0


