
6.631: Optics and Optical Electronics Formulæ

1 Constants

c = 2.9979× 108 m/s

ε0 = 8.8542× 10−12 F/m

µ0 = 1.2566× 10−6 H/m

η0 = 376.73 Ω

q = 1.6022× 10−19 C

2 Mathematics

2.1 Vector Calculus
∫

V

∇ ·A dv =

∮

S

A · da

∫

S

∇×A · da =

∮

C

A · d`

∇× (∇×A) = ∇(∇ · A) −∇2A

∇ · (E ×H) = H · (∇×E) −E · (∇×H)

∇ · (∇×A) = 0, ∇× (∇Φ) = 0

2.2 Fourier Transform Theorems

f(t) ≡
∫ ∞

−∞
F (ω)eiωtdω

F (ω) ≡ 1

2π

∫ ∞

−∞
f(t)e−iωtdt

f(at) F (ω/a)
/

|a|
f∗(t) F ∗(−ω)
F (t) f(−ω)/2π

f(t − τ) F (ω)e−iτω

dnf(t)
dtn (iω)nF (ω)

e−αt2
√

π
αe−ω2/4α

e−αtU(t) 1
α+iω

3 Statics

3.1 Maxwell’s Equations

3.1.1 Differential Form

∇×E = −∂B

∂t

∇×H =
∂D

∂t
+ J

∇ ·D = ρ

∇ · B = 0

−∇·(E×H) =
∂

∂t

(

1

2
εE2 +

1

2
µH2

)

+E·∂P

∂t
+H·∂µ0M

∂t
+E·J

3.1.2 Boundary Condition Form

n̂ · (Dout −Din) = σs

n̂ · (Bout −Bin) = 0

n̂× (Eout −Ein) = 0

n̂ × (Hout −Hin) = K

3.2 Lorenz Force Equation

f = q(E + v ×B)

3.3 Dielectric

P ≡ Nqd

D ≡ ε0E + P

P = ε0χeE

ε ≡ ε0(1 + χe)

3.4 Reference Formulæ

Epoint =
q

4πε0r2
r̂, Eline =

λ

2πε0r
r̂

Φpoint =
q

4πε0r
, Φline =

−λ

2πε0 ln r

4 Time Harmonic

4.1 Maxwell’s Equations

A(r, t) ≡ <
[

A(r)e−iωt
]

∇×E = iωµ(ω)H

∇×H = −iωε(ω)E + J

〈S〉 =
1

2
(E×H∗)

4.2 Wave Equation

∇2E + ω2µεE = 0

k2 = ω2µε = n2ω2

H =

√

ε

µ
(k̂ ×E) =

1

η
(k̂ × E)

4.3 Vector Potential

µ0H = ∇×A

E = −∂A

∂t
−∇Φ

∇ · A + µ0ε
∂Φ

∂t
= 0

1



4.4 Wave Impedance

TE TM

Γ(z) = E
−

E+
e2ikzz Γ(z) = −H

−

H+
e2ikzz

Z0 = η/cos θ Z0 = η cos θ

Z(z) = −Ey

Hx
Z(z) = Ex

Hy

4.4.1 Common

Z(z)

Z0
=

1 + Γ(z)

1 − Γ(z)

Γ(z) =
Z(z)− Z0

Z(z) + Z0

T (z) =
2Z(z)

Z(z) + Z0

Z(z) = Z0
Z(0) − jZ0 tan kzz

Z0 − jZ(0) tan kzz

4.5 Propagation Matrices

p(`+1)` =
µ`+1k

(`)
z

µ`k
(`+1)
z

Γ(`+1)` =
1 − p(`+1)`

1 + p(`+1)`

V(`+1)` =
1

2
(1 + p(`+1)`)

[

e−ikzd Γ(`+1)`e
−ikzd

Γ(`+1)`e
ikzd eikzd

]

[

0
T

]

= Vt0

[

R
1

]

r = −V12

V11
, t = −V12V21

V11
+ V22

4.6 Scattering Matrices

S =

[

S11 S12

S21 S22

]

St = S (reciprocity)

S† = S−1 (power conservation)

|S11|2 + |S21|2 = 1

|S22|2 + |S12|2 = 1

S∗
11S12 + S∗

21S22 = 0

S∗ = S−1 (time reversal)

4.7 Fabry-Perot Resonator

S =
1

1 − r1r2e−jδ

[

−(r1 − r2e
−jδ) −t1t2e

−jδ/2

−t1t2e
−jδ/2 −(r2 − r1e

−jδ

]

`(ωn/c) cos θ ≡ δ/2

|b2|2
|a1|2

=
(1 − R)2

(1 − R)2 + 4R sin2(δ/2)

∆f =
c

2n` cos θ

|∆λ| ≈ λ
∆f

f
=

λ2

2n`
cos θ

δf1/2 =
(1 − R)c

2π
√

Rn` cos θ

5 Fourier Optics

5.1 Paraxial Wave Equation

kz ≈ k −
k2

x + k2
y

2k

∇2
Tu − 2jk

∂u

∂z
= 0

Ψ(x, y, z) = u(x, y, z) exp(−jkz)

5.2 Fresnel Diffraction (z � x)

h(x, y, z) =
j

λz
e−jk[(x2+y2)/2z]

H(kx, ky, z) =
1

(2π)2
e−j[(k2

x+k2
y)/2k]z

u(x, y, z) = h(x, y, z) ⊗ u0(x, y, z)

u =
j

λz

∫ ∞

−∞
dx0

∫ ∞

−∞
dy0 u0(x0, y0)e

−j(k/2z)[(x−x0)
2+(y−y0)

2]

uf–f (x, y) = j
(2π)2

λf
U0(kx/f, ky/f)

5.3 Fraunhöfer Diffraction (d �
√

z/k)

u(x, y, z) = j
(2π)2

λz
exp

[

−j
k(x2 + y2)

2z

]

U0

(

kx

z
,
ky

z

)

uslit =
jdxdy

λz
exp

[

−jk(x2 + y2)

2z

]

sin(kdxx/2z) sin(kdyy/2z)

(kdxx/2z)(kdyy/2z)

A(x, z) =
sin (NkΛx/2z)

sin (kΛx/2z)

5.4 Gaussian Optics

5.4.1 Fundamental

u00(x, y, z) = j

√

kb

π

(

1

z + jb

)

exp

[

−jk
x2 + y2

2(z + jb)

]

=

√

2

πw2
exp(jφ) exp

[

−x2 + y2

w2

]

exp

[

− jk

2R
(x2 + y2)

]

w2(z) =
2b

k

(

1 +
z2

b2

)

1

R(z)
=

z

z2 + b2

φ = tan−1 z

b

w0 =
√

2b/k

b = z0 = kw2
0/2

d2 =
f2(d1 − f)

(d1 − f)2 + (πw2
1/λ)2

+ f

w2 =

[

1

w2
1

(

1 − d1

f

)2

+
1

f2

(πw1

λ

)2
]−1/2



5.4.2 Resonant Modes

4b2 =
R2

1R
2
2

4

1 − [(2d/R1R2)(d − R1 − R2) + 1]
2

[d − (R1 + R2)/2]2

0 ≤
(

1 − d

R1

) (

1 − d

R2

)

≤ 1

5.4.3 q-Parameter

1

q
≡ 1

z + jb
=

1

R
− j

λ

πw2

q′ = q + d,
1

q′
=

1

q
− 1

f

q′ =
Aq + B

Cq + D

5.5 ABCD Matrices
[

r2

r′2

]

=

[

A B
C D

] [

r1

r′1

]

free space:

[

1 d
0 1

]

thin lens:

[

1 0
−1/f 1

]

mirror:

[

1 0
−2/R 1

]

dielectric interface:

[

1 0
0 n1/n2

]

spherical dielectric:

[

1 0
n2−n1

n2R
n1

n2

]

1

`1
+

1

`2
=

1

f
, M =

∣

∣

∣

∣

`2

`1

∣

∣

∣

∣

qmode =
A − D

2C
±

√

(

A + D

2C

)2

− 1

C2

b′ =
b0

C2b2
0 + D2

(waist-to-waist)

b0 =

√

1 − D2

C2
(self-consistent)

5.6 Guided Modes

5.6.1 Slab Waveguide

αx

kx
= tan kxd =







√

ω2µ0(εi−ε)
k2

x
− 1 (TE)

εi

ε

√

ω2µ0(εi−ε)
k2

x

− 1 (TM)

5.6.2 LP Fiber Modes

V = k0a
√

n2
1 − n2

2

Jl−1(V ) = 0

5.7 Perturbation Theory

ε(r) = ε(r) + ε′(r)

Ψ(x, y, z) =
∑

n

cn(z)En(x, y)e−jβnz

∂cn

∂z
e−jβmz =

∑

n

cne−jβnzκmn

κmn =
−jω

4

∫

E
∗
mε′EndA

5.8 Coupled Modes

κmn = −pκ∗
nm, κmn = jκ

5.8.1 Two Mode
[

β − (β̄ + δ) κ
κ β − (β̄ − δ)

]

a = 0

β2 − δ2 − κ2 − 2ββ̄ + β̄2 = 0

β = β̄ ±
√

δ2 + κ2

a− =

[

− δ+
√

δ2+κ2

κ
1

]

, a+ =

[

δ−
√

δ2+κ2

κ
−1

]

5.8.2 Three Mode




β − (β̄ + δ) κ 0
κ β − β̄ κ
0 κ β − (β̄ − δ)



 a = 0

β =
{

β̄, β̄ ±
√

δ2 + 2κ2
}

a0 ≈





1
0
−1



 , a− ≈





1

−
√

2
1



 , a+ ≈





1√
2

1





6 Ultrafast Optics

τout = τ

√

1 +
(τc

τ

)4

τc ≡
√

`
∂2β

∂ω2

∣

∣

∣

∣

∣

ω=ω0


